In this Letter we study the form of the energy spectrum of Riemann waves in weakly nonlinear non-dispersive media. For the simple wave equation with quadratic and cubic nonlinearity we demonstrate that the deformation of a Riemann wave over time yields an exponential energy spectrum which turns into a power law asymptotic for high wave numbers with a slope of approximately −8/3 at the last stage of evolution before the time of breaking T . We argue, that this is the universal asymptotic behavior of Riemann waves in any nonlinear non-dispersive medium at the point of breaking. We also demonstrate that additional weak dispersion or dissipation terms (yielding the Korteweg-de Vries or Burgers equation respectively) do not change the universal asymptotic appearing at time T though no breaking occurs. Moreover, this universal asymptotic stays visible in the Fourier spectrum until times of order of 2T and more, for a wide range of smooth initial wave shapes. The results reported in this Letter may be used in various non-dispersive media, e.g. magneto-hydro dynamics, physical oceanography, nonlinear acoustics.
I. INTRODUCTION
Weakly nonlinear wave systems fall into two categories -dispersive and non-dispersive. In physical terms, for a dispersive wave system group velocity changes with frequency, for a non-dispersive wave system it does not. Writing the wave in the form of a sine wave A exp[i(kx − ωt)] we can introduce the notion of dispersion function ω(k), ω(k) being a real function, and define dispersive systems as ω ′′ k = 0 and non-dispersive systems as ω ′′ k = 0, [1] .
One of the most important characteristics of a wave system, describing the wave field as a whole, is the distribution of energy over scales in Fourier space, i.e. the energy spectrum.
For one initially excited dispersive wave with a dispersion function of the form ω(k) ∼ k β it is known, that the energy spectrum evolves from its initially exponential shape e γk , [2, 3] , into a power law k a [3, 4] ), the point of transition from exponential to power law and the power law itself depending on the characteristic time and the dispersion function of the wave system, [5, 6] .
The power law "tail" of the energy spectra can be described deterministically, [3] (in the wave systems with narrow frequency band excitation), or statistically, [4] (in the wave systems with distributed initial state). Basic model for describing a dispersive weakly nonlinear system is the nonlinear Schrödinger equation (NLS) and NLS-like equations modified to four and more nonlinear terms, e.g. [7, 8] .
The class of the equations of the form u t + (αu + βu 2 )u x + γu xxx = 0
known as Korteweg-de Vries-like models (KdV-like) widely used in soliton theory [9] , dispersionless shock waves [10] [11] [12] and soliton turbulence, e.g. [13] [14] [15] . Famous nonlinear Schrödinger equation (NLS) and NLSlike models can be obtained from (1) for narrow-band processes; accordingly the results obtained in [1, 3, [5] [6] [7] [8] are also valid for KdV-models. The dynamics of a nonlinear non-dispersive wave follow a simple model: one initially excited wave evolves into a shock wave and finally breaks, [1] . The evolution of an unidirectional nonlinear wave before breaking is described by one nonlinear equation, sometimes called the simple wave equation [1, 16] , which reads
where u is the wave function and V (u) is a nonlinear local speed, x is coordinate and t is time. For example, if we regard surface gravity waves in shallow basin, u is the water elevation and V (u) = 3 g(h + u) − 2 √ gh, where g is acceleration due to gravity, h is unperturbed water depth [17, 18] . A solution of (2) is called a Riemann wave.
Compare (1) and (2) we see that (2) can be regarded as a dispersionless limit of (1) and the nonlinearity V (u) being approximated by two terms of its Taylor expansion: V (u) = αu + βu 2 (any constant in the Taylor expansion of V (u) can be removed by an appropriate change of variables).
The evolution of the wave field after breaking depends on the interplay of dispersion and dissipation.
In essentially dissipative media, the shock wave persists and its amplitude spectrum is known to have the highfrequency asymptotic k −1 , [23, 28] . The dissipation -at least weak dissipation -can be accounted for by including a viscosity term u xx yielding, for quadratic nonlinear medium, the Burgers equation, [1] . It can then be reduced to the linear diffusion equation by the Hopf transformation and solved explicitly. The Burgers equation with small viscosity has been used for modeling one-dimensional turbulence in [19, 20, 28] . In weakly dispersive media, modeled by KdV-like equations, solitons are developed; soliton turbulence has been studied e.g. in [13, 15, 24] . The energy spectrum in this case and its dependence on relevant parameters such as initial wave shape have not yet been studied.
In this Letter we put forward a few important novel questions about the form of energy spectra in a weakly nonlinear media: Have energy spectra in dispersive and non-dispersive media similar shape? What form of energy spectra have Riemann waves? Does it depend on the type of nonlinearity? What form has spectrum asymptotic before breaking? What is effect of dispersion? What is effect of dissipation? and others. To answer these questions we use (2) as the simplest possible mathematical model for studying non-dispersive media, Burgers equation for studying dissipative effects and KdV equation for studying effect of dispersion.
II. DEFORMATION OF A RIEMANN WAVE BEFORE BREAKING
The time evolution of a Riemann wave may be described as a nonlinear deformation of the wave shape over time, which leads to progressive growth of the wave steepness at one or more points of the wave period defined by wave height which eventually leads to wave breaking. This may be seen the following way.
Solutions of (2) have the property, that any point of a given wave height u(x) moves at constant speed. So we may write
where U (x) is the initial wave profile. Now computing
we see that steepness u x is growing with time if V x < 0.
In a general hyperbolic model, if a wave reaches infinite steepness, wave breaking will occur. This is called a gradient catastrophe. The time of breaking T may be computed as
It follows from (4) that the maximum value of wave steepness is proportional to
The result of the wave deformation process depends on the local speed V (u) which in turn depends on the form of nonlinearity. This is illustrated in Fig. 1 for quadratic and cubic nonlinearity. In both panels, the initial wave has the shape of a sine
In the quadratic nonlinear media only one shock is formed within a wave period and media breaking occurs for wave height u/U 0 = 0 at the moment of time T = (αk 0 U 0 ) −1 . In the cubic nonlinear media two shocks within the wave period are formed, with opposite sign of slope, and breaking occurs for wave heights u/U 0 = ± √ 2/2 simultaneously at the moment of time T = (βk 0 U 2 0 ) −1 .
III. FOURIER SPECTRA OF RIEMANN WAVES
The spatial spectrum of a wave u(x, t) is defined as
Next we compute the spatial spectrum of a Riemann wave in explicit form. Having in mind (4) we perform the change of variables
Now we can rewrite (8) as By simple manipulation, this is transformed to
For one initially exited sine wave as given by (7), the integral in (11) may be computed analytically, both for quadratic and cubic nonlinearity, [22] . Using (1) with α > 0, β = 0 we get quadratic nonlinearity, and the wave field may be represented by the Bessel-Fubini series well-known in nonlinear acoustics, [22] : (12) where
with T = (αU 0 k 0 ) −1 being the time of breaking, and J n (z) being the Bessel function. Fig.2 depicts the time evolution of the energy spectrum given as values A 2 n as a function of wave number k n showing clearly: Up to the moment of time t = 3T /4 the spectrum in semi-logarithmic coordinates (upper panel) has the form of a straight line, which means it is exponential in linear coordinates. As time grows from t = 3T /4 to the moment of breaking t = T , a power law spectrum is formed, with a slope of 2.67, which is close to 8/3. Using (1) with α = 0, β > 0 we get cubic nonlinearity. The wave field may be represented by a Bessel-Fubuni-like series, [22] , of the form
where again τ = t/T and the time of breaking now is given by T = (βk 0 U 2 0 ) −1 . Unlike the quadratic case where all Fourier harmonics are in phase in the cubic case we also have a phase shift of the Fourier harmonics, and the normalized amplitudes are
The energy spectrum is shown in Fig.3 . As in the case of a quadratic nonlinearity, it has exponential shape for small times (upper panel) and turns into a power law when time approaches the moment of breaking, t → T . The slope of the power law is 2.67 and again close to 8/3.
It is clearly seen from Fig.4 (upper panel) that the energy spectrum has the exponential part, both for quadratic and cubic nonlinear media. The power law part of the energy spectrum is shown in Fig.4 , lower panel, for quadratic and cubic nonlinear media; the shape of the energy spectrum is practically undistinguishable for these two cases. In the next two sections we present the results of numerical simulations which show the effect of dispersion (Sec.IV) and dissipation (Sec.V) on the formation of the universal asymptotic in the energy spectrum of Riemann waves. As a reference point we regard a particular case of (1) with α = 6, β = 0, γ = 0:
(16) This is the dispersionless Korteweg-de Vries equation (KdV) in canonic form. All numerical simulations presented in the next sections have been performed with an initially sinusoidal wave of the form (7), a tank length L = 200 and initial disturbance U = U 0 sin k 0 x such that the wave length equals the length of the tank, which means k 0 = 0.0314. The breaking time is T = 26.5.
Numerical simulations with other forms of smooth and physically relevant initial conditions -e.g. U = U 0 exp (−x 2k0 ) -have also been conducted; the results are quite similar to those with sinusoidal initial condition, and are not shown in the text below.
IV. EFFECT OF DISPERSION
Adding to (16) a dispersive term of the form u xxx we get the classical KdV equation. The transformation of a sinusoidal wave into a group of solitons or cnoidal waves is a classical problem which has been studied in the frame of the KdV equation, with main interest on the evolution of the wave shape in physical space. Our interest is to examine the form of the energy spectrum in Fourier space and if something which resembles the universal asymptotic −8/3 may be observed under the influence of weak dispersion.
What happens in this case depends on the Ursell number, which is the ratio of the nonlinear term to the dispersive term:
For shallow water waves the Ursell number can be computed as U r = A·L 2 /h 3 where A and L are the wave amplitude and wave length respectively, and h is the depth of the water layer, h ≪ L. Accordingly, the Ursell parameter changes with the wave length L.
For our numerical simulation, with L chosen as L = 200, we get U r = L 2 = 40000 and the effect of dispersion should be small. Taking again initial conditions of the form (7), we observe the same time evolution as in the dispersionless KdV (16) at different times t smaller than breaking time T ; the results of our simulation are shown in Fig.5 .
When t goes beyond breaking time T = 25.5, the Fourier spectrum changes rapidly. Already at the moment of time t = 27 the formation of an isolated peak in the energy spectrum is visible as shown in Fig.6 , lower panel; the shape of the surface elevation corresponding to this is shown in Fig.6 , upper panel.
The further development is characterized by the formation of soliton-like disturbances in physical space (upper panels, Figs.7-9) leading to the appearance of narrow spectral peaks in the high-frequency range in Fourier space (lower panels, Figs.7-9 ). The first spectral peak appears in the Fourier harmonic with n = 34 at the moment of time t = 27, as a soliton with soliton width 6 is the 34 th harmonic of a wave with initial wavelength 200 ( 200/6 ≈ 34). During time evolution this peak is downshifted to the left, so that at moment of time t = 100 the maximum of energy is at the harmonic with n = 18 which corresponds to a soliton width of ≈ 10.5.
At a later time moment, new soliton-like disturbances become detectable in the Fourier spectrum, with essentially the same behavior. Thus the second peak appears at the harmonic with n = 60 and moves to the left, fi-nally arriving at the harmonic with n = 40; the soliton amplitude is growing and the soliton width is decreasing.
Thus, the energy spectrum consists of two substantially different parts: the universal power law asymptotic k −8/3 at the initial stage after breaking and an exponential asymptotic of the newly appearing solitons (not shown in the figures).
The universal breaking time asymptotic k −8/3 stays unchanged up to the moment of time t ≈ 2T . After that, the power law part of the spectrum becomes shorter in Fourier space applying only to low frequencies and energy decays more slowly compared to the exponent −8/3; the "soliton"-part of the spectrum takes over from the right. For the chosen U r (which is the relation between nonlinearity and dispersion) and time t ≈ 4T , three peaks in Fourier space are clearly visible in the figures. For bigger times the number of solitons in physical space is growing and they do not describe the front structure anymore as the width of the front becomes comparable to the initial wave length L.
V. EFFECT OF DISSIPATION
The usual way of modeling dissipation is to add to (16) a term for dissipation −νu xx with a small coefficient of viscosity ν > 0. The resulting equation
is the well known Burgers equation, which has a long time asymptotic k −2 for the energy spectrum, [28] . As it is shown above, if ν = 0, the breaking time asymptotic is k −8/3 . Our interest is to examine the form of the energy spectrum in Fourier space and if something which resembles the universal asymptotic −8/3 may be observed under the influence of dissipation.
With this aim we study the Burgers equation numerically, with initial condition (7) as above and the viscosity coefficient taken as ν = 0.1. In Fig.10 the formation of the breaking time asymptotic k −8/3 is shown, depicting the spectrum at t = 10, 15, 22, 26 before breaking time T = 26, 5.
Beginning with t = 27 > T, the appearance of a new asymptotic which decays more slowly than k −8/3 becomes evident; it is shown in Fig.11 . With increase in time the wave shape turns into a triangle and its spectrum k −2 can be computed analytically, [28] . For t > 5T the initial wave is damped significantly and the spectrum becomes narrow again (not shown in figures).
VI. DISCUSSION AND CONCLUSIONS
The results presented in this Letter can be summarized as follows.
-We have found approximately the same power law of ≈ k −8/3 for the energy spectrum of Riemann waves before breaking in a vicinity of the breaking point, in quadratic as well as in cubic media. As the quadratic and cubic nonlinearity are described by the first and second term of the Taylor expansion, this is an indication, but not a proof, that k −8/3 is the universal power law for Riemann waves with any nonlinearity.
-This may be re-formulated in the following way: any point of singularity in the (initially smooth) wave profile of a Riemann wave before breaking may be described by a power law of x 1/3 . Indeed, the Fourier spectrum of the power function x q is k −(1+q) , and the corresponding energy spectrum is k −2(1+q) . Taking q = 1/3 we get our energy spectrum of k −8/3 . -The results of our numerical simulations are in contrast to the assumption normally found in literature [20, 28] , that Riemann waves in media with quadratic nonlinearity before breaking have a wave profile of the form x 1/2 , yielding a power law for the energy spectrum of k −3 . The difference can be seen clearly from Fig.11 . -We have demonstrated that the universal power law asymptotic of k −8/3 , inherited from the simple wave equation with quadratic nonlinearity
"survives" for low-frequency range of harmonics in Fourier space with an additional dispersion term, yielding the KdV equation
and with an additional dissipation term, yielding the Burgers equation
In both cases the power law asymptotic in the lowfrequency range changes in a similar way: the spectrum decay becomes slower. A really surprising fact is that the universal power law asymptotic k −8/3 obtained for the breaking moment of time T in equation (20) , is still observed both in the KdV and Burgers equation although breaking will not occur; moreover in the low frequency range it stays for times t ∼ 2T and more.
In the high-frequency range the difference between effects of dispersion and dissipation becomes visible.
With dissipation taken into account, the well known power law asymptotic k −2 of the Burgers equation is formed.
With dispersion taken into account, a few soliton-like peaks in Fourier space are formed. The asymptotic of their envelope has exponential form which was not studied in detail yet. In our simulations the number of solitons at the wave front was growing rapidly increasing the front width to the extent that the model equation is not applicable any more.
-We wanted to see how far the universal power asymptotic can be observed in other modifications of the simple wave equation. At our request, Karl Helfrich checked the shape of the energy spectrum in the results of his numerical simulations with the reduced Ostrovsky equation
with initial condition of the form (7). It turned out that the universal power asymptotic k −8/3 is observed both in rotational and non-rotational cases, i.e. for arbitrary γ, [29] . The reduced Ostrovsky equation can be regarded as a modification of the Korteweg-de Vries equation, in which the usual dispersive term u xxx is replaced by the term γu, which represents the effect of background rotation. The Ostrovsky equation is an important theoretical tool for studying surface and internal solitary waves in the atmosphere and ocean taking into account the Earth's rotation.
-We found that in any weakly nonlinear medium which has been analyzed so far, non-dispersive or weakly dispersive, the time evolution of the energy spectrum goes through the same steps: an initially exponential spectrum in the vicinity of the breaking point turns into a power law for high frequencies. This enables us to estimate from the spectrum measured how far a wave system is away from breaking (smooth form of wave, the beginning of collapse or developed shock). This method may be most useful in many problems of nonlinear acoustics, physical oceanography, magnetohydrodynamics and laser optics, see e.g. [25] [26] [27] .
-We have demonstrated -though not proven -that the power law asymptotic k −8/3 of the energy spectrum of Riemann waves holds for the simple wave equation with arbitrary nonlinearity. The additional results we have found for modifications of the simple wave equation indicate, that the universal power law asymptotic is a manifestation of some fundamental properties which may be found in many wave systems and deserves further theoretical study. This is presently work in progress.
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